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Abstract
Let G be a finite p-group, where p is a prime number, and χ and ψ be faithful complex
irreducible characters of G. We study the relation between the number η(χ,ψ) of distinct irreducible
constituents of the product χψ and the characters χ and ψ .
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1. Introduction
Let G be a finite group. Let χ and ψ be irreducible faithful complex characters of G.
Since any product of characters is a character, χψ is a character of G. Thus it can be
written as an integral linear combination of irreducible characters of G. Let η(χ,ψ) be
the number of distinct irreducible constituents of the character χψ . We study the relation
between the number η(χ,ψ) and the characters χ and ψ . Through this work, we use the
notation of [4].
Does there exist a p-group G, where p = 5, with faithful characters χ,ψ ∈ Irr(G) such
that the product χψ can be written as a non-trivial integral linear combination of 2 distinct
irreducible characters of G, i.e., η(χ,ψ) = 2? The answer is no, such groups with such
characters cannot exist. Moreover, for any prime p  5, the answer remains no. For a fixed
prime p, we regard that as a “gap” among the possible values that η(χ,ψ) can take for any
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and the main result in this work is the following theorem.
Theorem A. Let G be a finite p-group, where p is a prime number. Let χ,ψ ∈ Irr(G) be
faithful characters. Then either η(χ,ψ) = 1 or 2η(χ,ψ) > p.
In Section 6, we show that for every prime p > 2 and every integer m > 0, there exist a
p-group G and a character χ ∈ Irr(G) such that 2η(χ,χ) − 1 = p and χ(1) = pm.
We wonder if there exist other “gaps.” For example: does there exist a 5-group G with
faithful characters χ,ψ ∈ Irr(G) such that η(χ,ψ) = 4? More specifically, we make the
following conjecture.
Conjecture. Let G be a finite p-group, where p is an odd prime number. Let χ,ψ ∈ Irr(G)
be faithful characters. If 2η(χ,ψ) − 1 > p, then η(χ,ψ) p.
If χ ∈ Irr(G), denote by χ its complex conjugate, i.e., χ(g) = χ(g) for all g ∈ G. An
application of Theorem A is the following theorem.
Theorem B. Let n be a positive integer. Then there exists a finite set Sn of positive integers
such that for any nilpotent group G and any χ ∈ Irr(G) with η(χ,χ) = n, we have
χ(1) ∈ Sn.
In [2] we proved that for every prime p, there exist a supersolvable group G and a
character χ ∈ Irr(G) such that η(χ,χ) = 3 and χ(1) = p. Thus Theorem B does not hold
true assuming the weaker hypothesis that the groups are supersolvable.
2. Preliminaries
Lemma 2.1. Let p be a prime number and ε be a primitive pth root of unity. Let Ω be a
proper subset of {0,1,2, . . . , p − 1} and {ci | i ∈ Ω} be a set of integer numbers. If∑
i∈Ω
ciε
i = 0,
then ci = 0 for i ∈ Ω .
Proof. The minimum polynomial of a primitive pth root of unity over Q(x) is
p(x) =
p−1∑
i=0
xi.
Set q(x) = ∑i∈Ω cixi . Then p(x) divides q(x). If q(x) = 0, there is some non-zero
r(x) ∈ Q(x) such that q(x) = p(x)r(x). Since the degree of q(x) is at most the degree
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ci = r = 0 for all i = 0, . . . , p − 1, contradicting the fact that Ω is a proper subset of
{0,1,2, . . . , p − 1}. We conclude that q(x) = 0. Thus ci = 0 for all i . 
Lemma 2.2. Let χ ∈ Irr(G), where G is a p-group. Suppose Z < G, Y is a normal
subgroup of G, that Z < Y and that |Y : Z| = p. If Z  Z(χ) and Y  Z(χ), then χ
vanishes on Y \ Z.
Proof. See [3, Lemma 2.1]. 
Notation. We use the notation of [4]. The set of irreducible complex characters of G is
denoted by Irr(G). We denote by Lin(G) the set of complex linear characters of G.
Let H be a subgroup of G and λ ∈ Irr(H). Then
Irr(G | λ) = {χ ∈ Irr(G) ∣∣ [λ,χH ] = 0}.
Also, if X and Y are normal subgroups of G, we set
Irr(X modY ) = {γ ∈ Irr(X) ∣∣ Ker(γ ) Y}.
3. Main Lemma
In [3] we proved that if G is a finite p-group and χ,ψ ∈ Irr(G) are faithful characters
such that the product χψ is a multiple of an irreducible character of G, then χ and ψ vanish
outside the center Z(G) of G. The following lemma is a generalization of that result.
Lemma 3.1 (Main Lemma). Suppose that p, G, χ , ψ , and n satisfy
(3a) p is a prime,
(3b) G is a finite p-group,
(3c) χ and ψ are irreducible characters of G,
(3d) χ and ψ are faithful, and
(3e) 2n p, where n = η(χ,ψ) is the number of distinct irreducible constituents of the
product χψ .
Then χ and ψ vanish outside the center Z(G) of G.
Proof. Assume that the lemma is false. Then we may choose p, G, χ , ψ , and n satisfying
the hypotheses (3a–e), but not the conclusion of the lemma, so that
3.2. The lemma holds true for any quintuple p′, G′, χ ′, ψ ′, and n′ satisfying the equivalent
of (3a–e) with |G′| < |G|.
We shall prove a series of claims leading to a contradiction which will prove the lemma.
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Z(G) = Z. Observe that G = Z, otherwise χ and ψ are linear characters and therefore
satisfy the conclusion of the lemma. Let Y/Z be a chief factor of G. Because G is a p-
group, its chief factor Y/Z is cyclic of order p and it is centralized by G. Since Z is the
center of G, it follows that
3.3. H = CG(Y ) is a normal subgroup of index p in G, and commutation in G induces
a well-defined, non-singular bilinear map τ : gH,yZ → [g,y] of G/H × Y/Z into the
subgroup Ω(Z) of order p in Z.
Let θi ∈ Irr(G), for i = 1, . . . , n, be the distinct irreducible constituents of χψ . Set
χψ =
n∑
i=1
miθi, (3.4)
where mi > 0 is the multiplicity of θi in χψ .
Since Z is the center of G, there exist unique linear characters λ,µ ∈ Lin(Z) such that
χZ = χ(1)λ and ψZ = ψ(1)µ. (3.5)
Because χ and ψ are faithful, so are λ and µ. Furthermore, (3.4) implies that
(θi)Z = θi(1)λµ (3.6)
for all i = 1, . . . , n. The group Y has a central subgroup Z with a cyclic factor group Y/Z.
Hence Y is an abelian normal subgroup of G. Since λ ∈ Lin(Z) is faithful, it follows from
3.3 that the set Lin(Y | λ) of all extensions of λ to linear characters ρ of Y is a single
G-conjugacy class of p = |Y : Z| elements. By Clifford theory we have that
χY = χ(1)
p
∑
ρ∈Lin(Y |λ)
ρ. (3.7)
A similar argument shows that
ψY = ψ(1)
p
∑
σ∈Lin(Y |µ)
σ. (3.8)
Claim 3.9. Assume the notation of (3.4) and (3.5). Then
(i) λµ ∈ Lin(Z) is faithful.
(ii) p  3.
(iii) For all i = 1, . . . , n, we have that Ker(θi) = 1. Thus Z(θi) = Z and
(θi)Y = θi(1)
p
∑
τ∈Lin(Y |λµ)
τ. (3.10)
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where Ω(Z) is the cyclic subgroup of Z of order p. By (3.6), we have that Ω(Z)Ker(θi)
for i = 1, . . . , n. We know from 3.3 that [G,Y ]Ω(Z) Ker(θi). Therefore Y  Z(θi),
and for each i = 1, . . . , n, we have (θi)Y = θi(1)δi for some δi ∈ Lin(Y ). Now (3.4), (3.7),
and (3.8) imply that
n∑
i=1
miθi(1)δi = χYψY = χ(1)ψ(1)
p2
∑
ρ∈Lin(Y |λ), σ∈Lin(Y |µ).
ρσ.
This is impossible because the leftmost expression has at most n distinct irreducible
constituents, where 2n  p by assumption, and the rightmost expression has precisely p
distinct irreducible constituents. This contradiction proves that λµ is a faithful character.
If p = 2, then both λ and µ restrict to the single faithful linear character ε of the group
Ω(Z) of order 2. Then (λµ)Ω(Z) = ε2 = 1 and λµ is not faithful. This contradiction with
the first statement of the claim proves the second statement.
By (3.4), for i = 1, . . . , n we have that θi lies above λµ. Assume that Ker(θj ) = 1
for some j ∈ {1, . . . , n}. Observe that Ker(θj ) is a normal subgroup of G. Since G is a
nilpotent group and Ker(θj ) = 1, we have that Z∩Ker(θj ) = 1. Observe that Z∩Ker(θj )
Ker(λµ) since θj lies above λµ by (3.6). By (i) we have that Ker(λµ) = 1. Thus for every
i ∈ {1, . . . , n} we have that Ker(θi) = 1.
An argument similar to that given for (3.7), shows that (3.10) holds. 
Claim 3.11. Let ρ ∈ Irr(Y | λ) and σ ∈ Irr(Y | µ) be characters of Y . Set Gρσ = {g ∈ G |
(ρσ)g = ρσ }. Then
(i) θi lies above ρσ for all i = 1, . . . , n.
(ii) Gρσ = H .
(iii) For each i = 1, . . . , n, there exists a unique character (θi)ρσ ∈ Irr(H | ρσ) induc-
ing θi . Also (
(θi)ρσ
)
Y
= (θi)ρσ (1)ρσ. (3.12)
(iv) There exist unique characters χρ ∈ Irr(H | ρ) and ψσ ∈ Irr(H | σ) inducing χ and ψ ,
respectively.
Proof. Since ρσ ∈ Irr(Y | λµ), (i) follows from (3.10).
(ii) Since H = CG(Y ), clearly H Gρσ . Since Z = Z(θi) by Claim 3.9(iii), we have
Gρσ < G. It follows that H = Gρσ , since |G : H | = p and G is a p-group.
(iii) Since θi lies above ρσ for all i = 1, . . . , n, while H = Gρσ , by Clifford theory we
have that there exists a unique character (θi)ρσ ∈ Irr(H | ρσ) inducing θi . Since H = Gρσ
and (θi)ρσ ∈ Irr(H | ρσ), we have that (3.12) holds.
(iv) By 3.3 we have that H = CG(Y ) is the stabilizer H = Gρ = Gσ of both ρ and σ
in G. Thus, Clifford theory, (3.7), and (3.8) give us unique characters χρ ∈ Irr(H | ρ) and
ψσ ∈ Irr(H | σ) inducing χ and ψ , respectively. 
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of (3.4) and Claim 3.11. Then there exist a subset S of {1, . . . , n}, and integers li such that
χρψσ =
∑
i∈S
li (θi)ρσ ,
and 0 < li mi for all i ∈ S.
Proof. By Clifford theory the restrictions of χρ and ψσ to Y satisfy (χρ)Y = χρ(1)ρ and
(ψσ )Y = ψσ (1)σ . Hence
(χρψσ )Y = (χρ)Y (ψσ )Y = χρ(1)ψσ (1)ρσ.
So there are unique non-negative integers mϕ such that
χρψσ =
∑
ϕ∈Irr(H |ρσ)
mϕϕ.
Because H is Gρσ , Clifford theory tells us that the ϕG, for ϕ ∈ Irr(H | ρσ), are the distinct
members of Irr(G | ρσ). Hence
(χρψσ )
G =
∑
ϕ∈Irr(H |ρσ)
mϕϕ
G
is the unique decomposition of (χρψσ )G as an integral linear combination of irreducible
characters ϕG of G.
The product character χψ = (χρ)G(ψσ )G is the sum of (χρψσ )G and some other
characters. Since χψ =∑ni=1 miθi by (3.4), it follows that
∑
ϕ∈Irr(H |ρσ)
mϕϕ
G =
n∑
i=1
liθi
for some integers li such that 0  li  mi for all i = 1, . . . , n. Set S = {i | li > 0}.
Hence mϕ = 0 for all ϕ ∈ Irr(H | ρσ) except for those in {(θi)ρσ | i ∈ S}, and mϕ = li
if ϕ = (θi)ρσ . Thus
χρψσ =
∑
i∈S
li(θi)ρσ . 
If Y = H , then |G : Z| = |G : H ||H : Z| = p2, and χ(1) = ψ(1) = p. Thus χ and
ψ vanish outside Z by [4, Corollary 2.30]. Since p, G, χ , ψ , and n do not satisfy the
conclusion of the theorem, we have that Y < H .
If the abelian group Y is not cyclic, then it is the direct product Y = Z ×K of its cyclic
subgroup Z of index p with some subgroup K of order p. Evidently ρ = λ× 1K is one of
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has K in its kernel. Thus we may choose ρ and σ such that
ρ ∈ Lin(Y | λ), σ ∈ Lin(Y | µ), and Ker(ρ) = Ker(σ ) = K. (3.14)
If Y is cyclic, then any characters ρ ∈ Lin(Y | λ), σ ∈ Lin(Y | µ) are faithful since λ and µ
are faithful. So in this case we may also choose ρ and σ so that (3.14) holds with K = 1.
In both cases 3.3 implies that H = CG(Y ) is the stabilizer H = Gρ = Gσ of both ρ and
σ in G. Hence K = Ker(ρ) = Ker(σ ) is a normal subgroup of H .
Now we pass to the factor group H = H/K and its normal subgroup Y = Y/K . In
view of (3.14), the H -invariant characters ρ and σ of Y are inflated from unique faithful
characters ρˆ and σˆ , respectively, in Lin(Y ). So Y is a cyclic central subgroup of H . Since
(χρ)Y = χρ(1)ρ and (ψσ )Y = ψσ (1)σ , we have that χρ and ψσ are inflated from unique
characters χˆ ∈ Irr(H | ρˆ) and ψˆ ∈ Irr(H | σˆ ). Also (θi)ρσ inflates from θˆi ∈ Irr(H | ρˆσˆ ),
for each i = 1, . . . , n. By Claim 3.13, we have that
3.15. The number l of distinct irreducible constituents of χˆ ψˆ is at most n.
Let V/K = Z(H/K). Note that Y = G and that Y  Z(H) V .
Claim 3.16. V > Y .
Proof. Suppose that Y = Z(H) = V/K . Since ρˆ and σˆ are faithful linear characters of Y ,
and G is a p-group, the characters χˆ ∈ Irr(H | ρˆ) and ψˆ ∈ Irr(H | σˆ ) are faithful. So all
the conditions (3a–e) are satisfied by p, H , χˆ , ψˆ , and l. Since |H |  |H | < |G|, by the
inductive hypothesis 3.2 we have that each of the characters χˆ and ψˆ vanishes on H \ Y .
It follows that χρ and ψσ vanish on H \ Y . Hence χ = (χρ)G and ψ = (ψσ )G vanish
on G \ Y . But (3.7) and (3.8) imply that χ and ψ vanish on Y \ Z. This contradicts our
assumption that the conclusion of the lemma does not hold for p, G, χ , ψ , and n. Thus
Y = Z(H) and the claim is proved. 
Claim 3.17. Let U be a normal subgroup of H such that Y < U and |U : Y | = p.
Assume that U  Z((θj )ρσ ) for some j = 1, . . . , n. Then for all i = 1, . . . , n, we have
that U  Z((θi)ρσ ). Thus for each i = 1, . . . , n, there is some νi ∈ Lin(U | ρσ) such that
(
(θi)ρσ
)
U
= (θi)ρσ (1)νi .
Proof. Observe that ((θj )ρσ )U = (θj )ρσ (1)νi , for some H -invariant νj ∈ Lin(U | ρσ),
since U  Z((θj )ρσ ). Suppose that for some i we have that U  Z((θi)ρσ ). Since
Y  Z(H), |U : Y | = p, and U H , we have that
(
(θi)ρσ
)
U
= (θi)ρσ (1)
p
∑
ν.ν∈Lin(U |ρσ)
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invariant ν ∈ Lin(U | ρσ). This is a contradiction since νj is H -invariant. Thus the claim
holds. 
Claim 3.18. Z(H) > Y .
Proof. Certainly Y is a subgroup of the center of H = CG(Y ). We suppose that equality
occurs. Since V > Y , we can choose a normal subgroup U of H such that Y < U  V and
|U : Y | = p. We have 1 < [H,U ] [H,V ]K , and thus [H,U ] = K . In particular, we
see that U  Z(χρ) and U  Z(ψσ ). Thus there are unique linear characters α and β in
Lin(U) such that
(χρ)U = χρ(1)α and (ψσ )U = ψσ (1)β, (3.19)
and so all values of χρ and ψσ on U are nonzero.
For any g ∈ G \H we have that (χρ)g is an irreducible constituent of χH . We certainly
have K > 1, since 1 < [H,U ]K . So |K| = p and K ∩Kg = 1. Note that U  Z((χρ)g)
since if U  Z((χρ)g), then [H,U ]  Ker((χρ)g) = Kg , which gives the contradiction
1 < [H,U ]  K ∩ Kg = 1. Since Y  Z(H) and |U : Y | = p, Lemma 2.2 implies that
(χρ)
g vanishes on U \ Y . Fix u ∈ U \ Y . Since (χρ)G = χ and |G : H | = p, we have that
χ(u) =
p∑
i=1
(χρ)
gi (u) = χρ(u) = 0.
Similarly
ψ(u) = ψσ (u) = 0 and θi(u) = (θi)ρσ (u) = 0 for all i.
By (3.19) and Claim 3.13, we have that(
(θi)ρσ
)
U
= (θi)ρσ (1)γ, (3.20)
where γ = αβ ∈ Lin(U), for all i ∈ S.
By (3.4), we have
χρ(1)α(u)ψσ (1)β(u) = χρ(u)ψσ (u) = χ(u)ψ(u)
=
n∑
i=1
miθi(u) =
n∑
i=1
mi(θi)ρσ (u). (3.21)
By Claim 3.13, we have
χρ(1)ψσ (1)α(u)β(u) = χρ(u)ψσ (u)
=
∑
li(θi)ρσ (u) =
[∑
li(θi)ρσ (1)
]
γ (u). (3.22)i∈S i∈S
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some νi ∈ Irr(U | ρσ). Since (νi)Y = ρσ = γY ∈ Irr(Y ) and |U : Y | = p, there exists some
δi ∈ Irr(U modY ) such that νi = δiγ . Thus for i = 1, . . . , n,
(
(θi)ρσ
)
U
= (θi)ρσ (1)δiγ , (3.23)
for some δi ∈ Irr(U modY ). Combining this with (3.21) and (3.22), we get
n∑
i=1
mi(θi)ρσ (1)δi(u)γ (u) =
n∑
i=1
mi(θi)ρσ (u) = χρ(1)ψσ (1)α(u)β(u)
=
[∑
i∈S
li (θi)ρσ (1)
]
γ (u).
Since γ (u) = 0, we get
n∑
i=1
mi(θi)ρσ (1)δi(u) =
∑
i∈S
li(θi)ρσ (1).
Thus
n∑
i=1
mi(θi)ρσ (1)δi(u) −
∑
i∈S
li (θi)ρσ (1) = 0. (3.24)
Since δi ∈ Irr(U modY ) and U/Y is cyclic of order p, it follows that δi(u) is a pth root
of unit for all i = 1,2, . . . , n. Let ε be a primitive pth root of unit. Set Ωi = {j | δj (u) = εi}
and Ω = {i | |Ωi| = 0}. Let
ci =
{∑
j∈Ω0 mj(θj )ρσ (1)−
∑
i∈S li(θi)ρσ (1), if i = 0,∑
j∈Ωi mj (θj )ρσ (1), otherwise.
Observe that the set {ci | i ∈ Ω} is a set of integer numbers. Observe that n < p implies
that |{δj (u) | j = 1, . . . , n}| = |Ω | < p. So Ω is a proper subset of {0,1, . . . , p − 1}. Thus
by Lemma 2.1, we have that ci = 0 for i ∈ Ω . Suppose that Ωi is non-empty for some
i = 0. Since mj and (θj )ρσ (1) are nonzero positive integers, for all j = 1, . . . , n, we have
that
∑
j∈Ωi mj (θj )ρσ (1)  |Ωi | > 0. But ci = 0. Hence Ωi is empty for all i = 0. In
particular, Ω0 = {0,1, . . . , n}. Also, since c0 = 0, we have
n∑
i=1
mi(θi)ρσ (1) =
∑
i∈S
li (θi)ρσ (1).
Thus
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∑
i∈S
li (θi)ρσ (1) =
n∑
i=1
mi(θi)ρσ (1) = 1
p
n∑
i=1
mi(θi)(1)
= 1
p
χ(1)ψ(1) = 1
p
(
pχρ(1)
)(
pψσ (1)
)= pχρ(1)ψσ (1).
Thus p = 1, which is obviously impossible. 
3.25. Fix a normal subgroup X of G such that X/Y is a chief factor of G and X  Z(H).
Let α, β , γ ∈ Lin(X), where γ = αβ , be the unique linear characters such that
(χρ)X = χρ(1)α, (ψσ )X = ψσ (1)β, and
(
(θi)ρσ
)
X
= (θi)ρσ (1)γ for i ∈ S.
Also, since Lin(X | ρσ) = {γ δ | δ ∈ Lin(X modY )}, for each i = 1, . . . , n, there is some
δi ∈ Lin(X modY ) such that (
(θi)ρσ
)
X
= (θi)ρσ (1)γ δi.
Claim 3.26. The subgroup [X,G] generates Y = [X,G]Z modulo Z.
Proof. Since Y , X are normal subgroups of G with Y X and |X/Y | = p, the chief factor
X/Y of the p-group G is centralized by G. So [X,G] Y . Suppose that [X,G]Z < Y .
Since |Y/Z| = p, we must have [X,G]  Z = Z(G). So commutation in G induces a
bilinear map
d :xZ,gCG(X) → [x,g]
of (X/Z) × (G/CG(X)) into the cyclic group Z. This map d is non-singular on the
right by the definition of CG(X). It is non-singular on the left since Z = Z(G). Because
α ∈ Lin(X | ρ) extends the faithful character λ ∈ Irr(Z), and |X : Z| = p2, this implies that
CG(X) = Gα has index p2 in G. Note that H Gα by 3.25, whereas |G : Gα| = p2 and
|G : H | = p, a contradiction. 
3.27. Observe that G/H is cyclic of order p. So we may choose g ∈ G such that the
distinct cosets of H in G are H,Hg,Hg2, . . . ,Hgp−1.
Since χ = (χρ)G is induced from χρ ∈ Irr(H), it follows from 3.25 that
χX = χρ(1)
(
α + αg + · · · + αgp−1)= χρ(1) p−1∑
i=0
αg
i
.
Similarly, we have that
ψX = ψσ (1)
(
β + βg + · · · + βgp−1)= ψσ (1) p−1∑βgj .j=0
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χXψX =
(
χρ(1)
p−1∑
j=0
αg
j
)(
ψσ (1)
p−1∑
j=0
βg
j
)
= χρ(1)ψσ (1)
p−1∑
i=0
p−1∑
j=0
αg
i
βg
j
. (3.28)
By (3.4), we have that
(χψ)X =
(
n∑
i=1
miθi
)
X
=
n∑
i=1
mi
[
(θi)ρσ (1)
p−1∑
j=0
(αβδi)
gj
]
. (3.29)
Claim 3.30. Let g ∈ G be as in 3.27. For each i = 0,1, . . . , p − 1, there exist j ∈
{0,1, . . . , p − 1} and δgi ∈ Irr(X modY ) such that
αβg
i = (αβ)gj δgi . (3.31)
Also |{δgi | i = 0,1,2, . . . , p − 1}| n.
Proof. Since H is a normal subgroup of G and θi = ((θi)ρσ )G, where (θi)ρσ ∈
Irr(H | ρσ), we have
(θi)H =
p−1∑
j=0
(
(θi)ρσ
)gj
. (3.32)
Since X/Y is a chief factor of G, we have that G acts trivially on X/Y . Thus
(αβδi)
gj = (αβ)gj δi (3.33)
for all j = 0,1, . . . , p − 1. Therefore
(θi)X =
(
(θi)H
)
X
=
(
p−1∑
j=0
(
(θi)ρσ
)gj)
X
by (3.32)
=
p−1∑
j=0
((
(θi)ρσ
)gj )
X
=
p−1∑
j=0
((
(θi)ρσ
)
X
)gj
since X G
=
p−1∑
j=0
(
(θi)ρσ (1)αβδi
)gj = (θi)ρσ (1) p−1∑
j=0
(αβδi)
gj
= (θi)ρσ (1)
p−1∑
(αβδi)
gj = (θi)ρσ (1)
p−1∑
(αβ)g
j
δi by (3.33)
j=0 j=0
E. Adan-Bante / Journal of Algebra 277 (2004) 236–255 247= (θi)ρσ (1)δi
p−1∑
j=0
(αβ)g
j
.
Since X is an abelian group, its irreducible characters are linear, and any product
of linear characters is irreducible. Observe that χXψX = (χψ)X . Thus, given i =
0,1, . . . , p − 1, by (3.28) and (3.29) there exist some j and some k such that
αβg
i = (αβ)gj δk.
Thus (3.31) holds with δgi = δk ∈ Irr(X modY ). Also, the set {δgi | i = 0,1, . . . , p − 1} is
a subset of {δi | i = 1, . . . , n}. Therefore the last statement of Claim 3.30 holds. 
Claim 3.34. Let g ∈ G be as in 3.27. Then there exist three distinct integers i, j, k ∈
{0,1,2, . . . , p − 1}, and some δ ∈ Irr(X modY ), such that
αβg
i = (αβ)gr δ, αβgj = (αβ)gs δ, αβgk = (αβ)gt δ,
for some r, s, t ∈ {0,1,2, . . . , p − 1}.
Proof. By Claim 3.30, for each i = 0,1,2, . . . , p − 1 there exists δgi ∈ Irr(X modY ) such
that
αβg
i = (αβ)gr δgi ,
for some r ∈ {0,1, . . . , p − 1}. Since {δgi | i = 0,1, . . . , p − 1} has at most n elements
and n  (p − 1)/2, there must exist three distinct i, j, k ∈ {0,1, . . . , p − 1} such that
δgi = δgj = δgk . 
Claim 3.35. We can choose the element g in 3.27 such that one of the following holds:
(i) There exists some j = 2, . . . , p − 1 such that
αβg = (αβ)gr , αβgj = (αβ)gs ,
for some r, s ∈ {0,1, . . . , p − 1} with r = 1.
(ii) There exist j and k such that 1 < j < k < p, and
αβg = (αβ)gr δ, αβgj = (αβ)gs δ, αβgk = (αβ)gt δ,
for some δ ∈ Irr(X modY ) and some r, s, t ∈ {0,1, . . . , p − 1} with r = 1.
Proof. Since αY = ρ ∈ Lin(Y ) and ρf = ρ for any f ∈ G \ H , we have that (αβf )Y =
(αf βf )Y . So if αβf = (αβ)f r δ for some δ ∈ Irr(X modY ), some f ∈ G \ H and some
integer r , then r = 1.
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βY = σ , we have that
ρσ = (αβ)Y =
(
(αβ)f δ
)
Y
= (ρσ)f .
Since Gρσ = H by Claim 3.11(ii), we have that f ∈ H . Therefore δ = 1.
If in Claim 3.34 we have that 0 ∈ {i, j, k}, then δ = 1. Assume that i = 0. Since 0 <
j < p, we have that gj ∈ G \H . Set f = gj . Then for some k′, s′, t ′ ∈ {0,1,2, . . . , p − 1}
we have that f k′H = gkH , f s ′H = gsH , and f t ′H = gtH . Thus we have
αβf = (αβ)f s′ , αβf k′ = (αβ)f t ′ .
We conclude that if i = 0 in Claim 3.34, then Claim 3.35(i) holds.
If 0 /∈ {i, j, k}, set f = gi . An argument similar to that given for (i) shows that
Claim 3.35(ii) holds. 
Let g be as in Claim 3.35. Since X/Y is cyclic of order p, we may choose x ∈ X such
that X = Y 〈x〉. By 3.25 we have [X,H ] = 1. Suppose that [x,g−1] ∈ Z. Then x centralizes
both g−1 and H modulo Z. Hence xZ ∈ Z(G/Z), which is false by Claim 3.26. Hence
[x,g−1] ∈ Y \Z and so
Y = Z〈y〉 is generated over Z by y = [x,g−1]. (3.36)
Since [Y,G]  Z, we have that z = [y,g−1] ∈ Z. If z = 1, then G = H 〈g〉 centralizes
Y = Z〈y〉, since H centralizes Y < X by 3.25, and G centralizes Z. This is impossible
because Z = Z(G) < Y . Thus
z = [y,g−1] is a non-trivial element of Z. (3.37)
By (3.36), we have y = [x,g−1] = x−1xg−1 . By (3.37), we have z = [y,g−1] = y−1yg−1 .
Finally, zg−1 = z since z ∈ Z. Since X = Z〈x, y〉 is abelian by 3.25, it follows that
zg
−j = z, yg−j = yzj , and xg−j = xyjz(j2), (3.38)
for any integer j = 0,1, . . . , p − 1. Because g−p ∈ H centralizes X by 3.25, we have
zp = 1 and ypz(p2) = 1.
But p  3 is odd by Claim 3.9. Hence p divides
(
p
2
) = (p(p − 1))/2 and z(p2) = 1.
Therefore
yp = zp = 1. (3.39)
It follows that yi , zi , and z(
i
2) depend only on the residue of i modulo p, for any integer
i  0.
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αβg = (αβ)gr δ, (3.41)
and
αβg
j = (αβ)gs δ, (3.42)
for some j ∈ {0,1, . . . , p − 1}, j = 1, some δ ∈ Irr(X modY ), and some r, s ∈
{0,1, . . . , p − 1}. Then
δ(x) = β(z)hj (r−1), (3.43)
where 2h ≡ 1 modp.
Proof. Evaluating both sides of Eq. (3.41) at y , we obtain
α(y)β(y)β(z) = α(y)β(yz) = α(y)β(yg−1) by (3.38)
= (αβg)(y) = αgr (y)βgr (y)δ(y)
= αgr (y)βgr (y) since δ ∈ Irr(X modY )
= α(yg−r )β(yg−r )= α(yzr)β(yzr)= α(y)β(y)α(z)rβ(z)r .
Cancelling α(y)β(y) = 0, we get
β(z) = α(z)rβ(z)r . (3.44)
We may also evaluate both sides of (3.41) at x , obtaining
α(x)β(x)β(y) = α(x)β(xy)= α(x)β(xg−1) by (3.38)
= (αβg)(x) = ((αβ)gr δ)(x) = αgr (x)βgr (x)δ(x)
= α(xg−r )β(xg−r )δ(x) = α(xyrz(r2))β(xyrz(r2))δ(x)
= δ(x)α(x)β(x)α(y)rα(z)(r2)β(y)rβ(z)(r2).
Cancelling α(x)β(x) = 0, we get
β(y) = δ(x)α(y)rβ(y)rα(z)(r2)β(z)(r2). (3.45)
Applying (3.42) at y , we get
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= αgs βgs (y) since δ ∈ Irr(X modY )
= α(yg−s)β(yg−s)= α(yzs)β(yzs)= α(y)β(y)α(z)sβ(z)s.
Cancelling α(y)β(y) = 0, we obtain
β(z)j = α(z)sβ(z)s = (α(z)β(z))s .
But (3.44) gives
β(z)j = α(z)jrβ(z)jr = (α(z)β(z))jr .
The restriction (αβ)Z = λµ is faithful by Claim 3.9. The element z ∈ Z is non-trivial by
(3.37) and has order p by (3.39). So α(z)β(z) = (λµ)(z) is a primitive pth root of unity.
Hence the equation (α(z)β(z))s = (α(z)β(z))jr implies that
s ≡ jr mod p. (3.46)
We may also apply (3.42) at x to get
α(x)β(x)β(y)jβ(z)(
j
2) = α(x)β(xyjz(j2))= α(x)β(xg−j )
= (αβgj )(x) = δ(x)αgs (x)βgs (x)
= δ(x)α(xg−s )β(xg−s )= δ(x)α(xysz(s2))β(xysz(s2))
= δ(x)α(x)β(x)α(y)sβ(y)sα(z)(s2)β(z)(s2).
Cancelling α(x)β(x) = 0, we obtain
β(y)jβ(z)(
j
2) = δ(x)α(y)sβ(y)sα(z)(s2)β(z)(s2). (3.47)
But (3.45) gives
β(y)j = δ(x)jα(y)jrβ(y)jrα(z)j(r2)β(z)j(r2) = δ(x)jα(y)sβ(y)sα(z)j(r2)β(z)j(r2),
where the last equality holds since s ≡ jr mod p.
Combining the previous equation with (3.47), we have
δ(x)α(y)sβ(y)sα(z)(
s
2)β(z)(
s
2)β(z)−(
j
2) = δ(x)jα(y)sβ(y)sα(z)j(r2)β(z)j(r2).
Cancelling terms and simplifying, we get
δ(x)j−1 = (α(z)β(z))(s2)−j(r2)β(z)−(j2). (3.48)
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that α(z)(
s
2) = α(z)(jr2 ) and β(z)(s2) = β(z)(jr2 ). Hence
(
α(z)β(z)
)(s2)−j(r2) = (α(z)β(z))(jr2 )−j(r2). (3.49)
We can check that (
jr
2
)
− j
(
r
2
)
= r jr(j − 1)
2
. (3.50)
Thus
2
(
α(z)β(z)
)(jr2 )−j(r2) = (α(z)β(z))r((jr(j−1))/2) by (3.50)
= ((α(z)β(z))r)(jr(j−1))/2
= β(z)(jr(j−1))/2 by (3.44).
Combining the previous equality with (3.48) and (3.49), we get
δ(x)j−1 = β(z)(jr(j−1))/2−(j2) = β(z)(j (j−1)(r−1))/2. (3.51)
Since j = 1, then j − 1 ≡ 0 modp. So we may divide by j − 1. Therefore
δ(x) = β(z)(j (r−1))/2. (3.52)
Let h ∈ {1, . . . , p − 1} such that 2h ≡ 1 modp. Then (3.52) implies (3.43). 
Suppose that Claim 3.35(ii) holds. Then by Claim 3.40, we have that δ(x) = β(z)hj (r−1)
and δ(x) = β(z)hk(r−1). Thus hj (r − 1) ≡ hk(r − 1)modp. Since r ≡ 1 modp and
2h ≡ 1 modp, we have that k ≡ j modp, a contradiction. Thus Claim 3.35(i) must hold.
We apply now Claim 3.40 with δ = 1. Thus 1 = δ(x) = β(z)hj (r−1). Therefore
hj (r − 1) ≡ 0 modp. Since 2h ≡ 1 modp, either j ≡ 0 modp or r − 1 ≡ 0 modp. Neither
is possible. That is our final contradiction. 
4. Proof of Theorem A
Lemma 4.1. Let G be a finite p-group and N be a normal subgroup of G. Assume that
φ ∈ Irr(N) is G-invariant. Then the set Irr(G | φ) of all χ ∈ Irr(G) lying over φ has either
one or at least p members.
Proof. Observe that if |G : N | = 1, the claim holds since Irr(G | φ ) = φ has one member
in that case. So we may assume that |G : N | > 1 and that the result holds for all strictly
smaller values of |G : N |. Since G is a p-group, there is some normal subgroup M of
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set Irr(M | φ) consists of exactly p distinct extensions of φ to M . There are two cases
to consider: either some ψ ∈ Irr(M | φ) is not G-invariant, or every ψ ∈ Irr(M | φ) is
G-invariant.
Assume that some ψ ∈ Irr(M | φ) is not G-invariant. Then the stabilizer H of ψ is a
subgroup of index p in G, and Irr(M | φ) consists of the p = |G : H | distinct G-conjugates
of ψ . In this case induction is a bijection of Irr(H | ψ) onto Irr(G | φ) = Irr(G | ψ). Since
|H : M| = |G : N |/p2 < |G : N |, we know by induction that Irr(H | ψ) has either one or
at least p elements. So the result holds in this case.
We may assume now that every ψ ∈ Irr(M | φ) is G-invariant. In this case Irr(G | φ) is
the disjoint union of p non-empty subsets Irr(G | ψ), for ψ ∈ Irr(M | φ). Hence it has at
least p members, and the result is proved. 
Proof of Theorem A. Set Z = Z(G). Assume that 2η(χ,ψ)  p. By Lemma 3.1, we
have that χ and ψ vanish outside the center Z of G. Thus χ(1)ψ(1) = |G : Z| by [4, Cor-
ollary 2.30]. Let λ ∈ Irr(Z) and µ ∈ Irr(Z) be the unique characters lying below χ and ψ ,
respectively. Then (λµ) lies below χψ and
(χψ)(g) =
{
0 if g ∈ G \ Z,
|G : Z|(λµ)(g) if g ∈ Z.
Thus χψ = (λµ)G. Since 2η(χ,ψ) p, by Lemma 4.1 applied to the normal subgroup Z
and the G-invariant character λµ ∈ Irr(Z), we have that η(χ,ψ) = 1.
5. Proof of Theorem B
Lemma 5.1. Let P be a finite p-group, where p is a prime number. Let θ ∈ Irr(P ) be a
character such that η(θ, θ) = m > 1. Then p < 2m+ 1 and
θ(1) ∈ {pi ∣∣ i = 1, . . . ,m − 2}. (5.1)
Proof. Since G is supersolvable, by [1, Theorem B] we have that θ(1) is the product
of at most η(θ) − 1 prime numbers, where η(θ) is the number of distinct non-principal
irreducible constituents of the product θθ . In our case η(θ) = m−1. So θ(1) is the product
of at most m − 2 prime numbers, each of which must be p. Hence (5.1) holds.
Observe that Ker(θ) = Ker(θ). Thus Ker(θθ) Ker(θ) ∩ Ker(θ) = Ker(θ). The group
P/Ker(θ) has a faithful character χ such that the character θ ∈ Irr(P ) is inflated from χ .
Also η(χ,χ) = m. If p is an odd prime, by Theorem A we have that (p − 1)/2 < m. Thus
p < 2m+ 1. 
Proof of Theorem B. Let
Sn =
{∏
(pi)
ti
∣∣∣ pi < 2n+ 1,pi is a prime number for all i, and 0 ti < n − 2}.
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a Sylow p-subgroup of G. Since G is nilpotent, we have that G = ∏ri=1 Pi . Thus the
restriction χPi of χ to Pi is a multiple of an irreducible character θi . Let mi = η(θi, θi).
Observe that
mi  n (5.2)
since χχ =∏ri=1 θiθi and η(χ,χ) = n. Also
χ(1) =
r∏
i=1
θi(1). (5.3)
If mi = 1, then the character θi is linear. Assume that mi > 1. By Lemma 5.1, we have that
θi(1) = pti , where ti mi − 2, and pi < 2mi + 1. By (5.2), we have pi < 2n + 1. So by
(5.3), we have
χ(1) ∈ Sn. 
6. Examples
Proposition 6.1. Let p be an odd prime and m be any positive integer. There exist a
p-group G and a faithful character χ ∈ Irr(G) such that χχ has (p + 1)/2 distinct
irreducible constituents, χ does not vanish on G \ Z(G), and χ(1) = pm.
Proof. Let C = {0,1,2, . . . , p − 1} be the additive group of integers modulo p. Let E be
an extraspecial group of exponent p and order p2m−1 if m > 1. Otherwise let E be a cyclic
group of order p.
We are going to construct the wreath product of C and E. Set
A = EC = the set of all functions from C to E.
Observe that A is just the direct product of p copies of E and has order pp(2m−1). Also
observe that C acts on C with the regular action, and thus it acts on the group A with action
(
f c
)
(x) = f (c + x)
for any c, x ∈ C.
Let G be the semi-direct product of C and A. Observe that |G| = pp(2m−1)+1 and Z(G)
is cyclic of order p. Thus |G : Z(G)| = pp(2m−1). Since p is odd, pp(2m−1) is not a square.
So no χ ∈ Irr(G) can vanish on G \ Z(G) (see [4, Corollary 2.30]).
Let λ ∈ Irr(E) be a non-principal character of degree pm−1. If m > 1, such a character
exists since E is an extraspecial group of order p2m−1. Observe that λλ = λ(1)µ for some
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we have
µi(a) = µ
(
a(i)
)
.
For i = 0,1, . . . , p − 1, choose λi ∈ Irr(A) so that we have, for all a ∈ A,
λi(a) = λ
(
a(i)
)
.
Observe that the stabilizer of λi is A. Thus λGi ∈ Irr(G). Set χ = λG0 ∈ Irr(G). Observe
that χ is a faithful character of degree pm.
Claim 6.2. Let S = {1,2, . . . , (p − 1)/2}. Then
(i) The set {λ0λi | i ∈ S} ∪ {µ0} is a subset of the irreducible constituents of (χχ)A.
(ii) If i, j ∈ S and i = j , then λ0λi and λ0λj are not G-conjugate.
(iii) Given k, l = 0,1,2, . . . , p − 1, where k = l, there exists j ∈ S such that λkλl and
λ0λj are G-conjugate. Also for any k ∈ S, λkλk is G-conjugate to λ0λ0.
Proof. We can check that
χA =
p−1∑
i=0
λi . (6.3)
Thus
(χχ)A = χAχA =
p−1∑
i,j=0
λiλj .
By definition of A, we have that λ0λi ∈ Irr(A) for any i = 1, . . . , p − 1. Therefore λ0λi is
an irreducible constituent of (χχ)A for any i ∈ S. Also µ0 is an irreducible constituent of
χχ since λ0λ0 = λ0(1)µ0.
Assume that λ0λi and λ0λj , where i, j ∈ S and i = j , are G-conjugates. Then there
exists c ∈ C such that c + 0 ≡ j modp and c + i ≡ 0 modp. Thus i + j ≡ 0 modp.
Therefore either i > (p − 1)/2 or j > (p − 1)/2. We conclude that either i /∈ S or j /∈ S.
Fix k, l = 0,1, . . . , p − 1, where k = l. Let c ≡ −k modp and r ≡ l − k modp, where
c, r ∈ {0,1,2, . . . , p − 1}. Observe that r ≡ 0 modp since k = l. Then (λkλl)c = λ0λr .
If r ∈ S, we have finished. Otherwise r > (p − 1)/2. Let t ≡ −r modp, where t ∈
{0,1,2, . . . , p − 1}. Observe that t  (p − 1)/2 and (λ0λr)t = λ0λt .
Clearly (λ0λ0)c = λcλc for any c ∈ C, and thus the last statement of the claim
follows. 
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Claim 6.2, we have that (λ0λi)G = (λ0λj )G if i = j and i, j ∈ S. Also[
(λ0λi)
G,χχ
]= [(λ0λi), (χχ)A] = 0,
where the last inequality follows from (6.3). Similarly, we can check that (µ0)G ∈ Irr(G). It
follows from Claim 6.2 that {(λ0λi)G | i ∈ S} ∪ {(µ0)G} is the set of all distinct irreducible
constituents of χχ . This set has |S| + 1 = (p − 1)/2 + 1 = (p + 1)/2 elements. 
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